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0. Introduction 

Character sums over finite fields have been widely studied since Gauss. During the 
last decade, coding theorists initiated the study of a new type of sums, over points 
with coordinates in a p-adic field. Let oi"' be the ring of integers of Q p (Cp m -i), 
the unramified extension of degree m of the field of p-adic numbers Q p obtained by 
adjoining the (p™ 1 — l)-th roots of unity, T m = 7^ U {0}, where 7^ is the multiplica- 
tive subgroup of elements of finite order in Om . Many character sums over finite 
fields can be extended to this situation ; the first studied was X^gT V'i.mCf 0e))> 

Tpi >m an additive character of order p l over Om , / a polynomial in 0^' [X] , in order 
to give a generalization of the Weil-Carlitz-Uchiyama bound. 

In this paper we are concerned with certain sums looking as Gauss sums ; precisely, 
if ipi im is as above, and x is a multiplicative character of order dividing p m — 1, we 
define the "p-adic Gauss sum of level I" associated with the characters «/>; >m and x 
as : 

These sums have already been studied in [S], which has been our starting point. 

Our aim here is to generalize the following theorem of Stickelberger on classical 
Gauss sums to this situation. We first recall some notations : let ipi tm be an 
additive character of order p on 0t\ and X a multiplicative character of order 
exactly p m — 1, both taking values in C p , the (algebraically closed) completion of 
an algebraic closure of Q p . Then if we set it = ^i, m (l) — 1, it is a generator of the 
maximal ideal of the ring of integers of f?i, the ramified extension of degree p— 1 of 
Q p obtained by adjoining the p-th roots of unity. Let K\^ m be the compositum of 
f?i and K m . In this situation, the Gauss sums of order p are exactly the classical 
Gauss sums over finite fields (PQ), and we have : 

Theorem (Stickelberger) 4. In 0± <m , the ring of integers of K\, m , we have, 
for any < a < p m — 2 : 

G Tm (^i, m ,X a )^-^ k s(a)+1 ], 
p{a) 

where if a = oq +pai + • ■ ■ +p m ~ 1 a m _i is the p-adic expansion of the integer a, we 
define s(a) = oq + a\ + ■ ■ ■ + a m _i and p(a) = oq\ . . . a m -\\. 

Our generalization of this theorem relies on an improvement of Dwork's splitting 
functions. Roughly speaking, a splitting function, in the sense of Dwork, is an 
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analytic representation of an additive character of order p with values in C* : it is 
a power series with coefficients in fix, converging in the closed disk of center 
and radius 1, and such that for any t 6 T, 0(f) = tpi(t), where t is the image of 
t in the finite field with p elemnets F p ~ Z p /pZ p , and tpi is a nontrivial additive 
character of F p . Here we shall define "splitting functions of level in order to 
give an analytic representation of an additive character tpi of Z p of order p l ; since 
Z p /p'Z p ~ Z/p'Z ~ Wi(¥ p ), the ring of Witt vectors of length I with coefficients 
in F p , we shall ask to such a function 0; to verify, for any (to, ■ ■ ■ , in T l , 
that &i(to, . . . , ti-i) = i/Ji(to, ■ ■ ■ , ti-i) where ipi is a character of W;(F P ) via the 
above isomorphisms. Once this has been done, the generalization of Stickleberger's 
theorem is an easy consequence of the description of the coefficients of the splitting 
function. 

The paper is organized as follows : we begin section 1 by recalling some useful results 
on p l -th roots of unity in C p . Then we use Artin-Hasse exponential and the roots 
of Artin-Hasse power series to construct power series whose values at the elements 
of T are p l -th roots of unity ; note that this construction is very close to Dwork's 
construction of his splitting functions. Finally, we define splitting functions of level 
I, and we give an example of such a function relying on the preceding construction 
; this is theorem 1.10. The key lemma in its proof is lemma 1.11 : it gives a link 
between the shape of Artin-Hasse power series and certain polynomials arising from 
the addition of Witt vectors, and allows us to show that our function represents an 
additive character. Section 2 is devoted to the proof of Stickelberger's theorem. 

1. Analytic representation of p'-th roots of unity. 

In this paper, Q p is the field of p-adic numbers, Z p the ring of p-adic integers ; let 
T C Z p be the set T := {x e Z p , x p — x}. We denote by C p a completion of 
the algebraic closure of Q , and by v p the p-adic valuation on C p , normalized such 
that v p (p) = 1. 

1.1. The fields generated by p l -th roots of unity. Here we briefly recall prop- 
erties of p'-roots of unity in C p . Let fli = Q p (C p denote the extension of Q p 

obtained by adjoining a p l -th root of unity, and o[ r ' its ring of integers. If ( p i is a 
primitive p l -th root of unity, we have : 

Lemma 1.1. The field fli is a totally ramified extension o/Q p , of degree p l — p 1 ^ 1 
; moreover, we have v p (( p i — 1) = (p l —p 1 ^ 1 )^ 1 , that is, Q p i — 1 is a generator of 
the maximal ideal m| r ' of the local ring Oj r ^ . 

Proof. Clearly a primitive p l -th root of unity is a root of 

(x pI - i)/(xp 1 ^ - i) = x^p'' 1 + ■■■ + x^ 1 + 1. 

Thus C P ' - 1 is a root of P{X) := (X + i)(p-i)p ,_1 + . . . + (X + l)^ 1 + 1. Looking 
modulo p, we get : 

p(x) = (xp 1 ' 1 + 1)?- 1 + • • • + (xp 1 - 1 + 1) + 1 [p] 
= ELi(ELi^)^-^ 1 [p] 

Now since C p Z] = (~ l) fe ~'C/jIi [p]> tnc coefficient of degree k is zero modulo p 
for k > 2 ; we get P(X) = X^p^ 1 ^ [p\. Since the constant term of P is p, 
it is an Eisenstein polynomial, thus irreducible, and all its roots are of valuation 
(p l ^ 1 (p — 1)) _1 , generating the maximal ideal of 0\ r \ 

□ 
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The following easy corollary will be useful in the sequel : 

Corollary 1.2. Let £ and £' be two p l -th roots of unity in C p ; if t> p (£ — C') > 1; 
then C= C- 

1.2. Analytic representation of p'-th roots of unity. Let us first recall the 
definition of Artin-Hasse power series : 

YP 

From the theory of Newton polygon (cf. 3 Chapter VI), we know that AH(X) 
has p k — p k ~ 1 roots of valution exactly (p k — p k ~ 1 )~ 1 in C p , for any k > 1. 

Lemma 1.3. Let iri be a root of AH with V p (iri) = (p l — p' -1 ) -1 . Then there is a 
unique root 7Tj_i of AH such that 7T;_i = nflpni]. 

Proof. Note that for I = 1, the lemma just says that v p (-k\) = 1 + (p — 1) — 1 , 
and 7To = 0, the trivial root of AH. Let I > 2 ; we are going to consider the 
Newton polygon of Fi (X) := AH(X - irf ). If we set F; (X) := J2k>o fkX k , a rapid 
calculation gives : 

C k 

\ - pi p(p'-fc) 

= 1^ —r n i 

t>\lo Sp (k)] 

Since v p (C k i) = i — v p (k), we get that v p (fk) > —v p (k). Moreover, if k = p> , 
the term with minimal valuation in is the term i = j, which is p~ 3 : we get 
Vp(fk) = —v p (k). Finally, the constant term is : 

E 5=r = pJ2 5r =P{ AH in) - n) = -m, 

k>\ y k>l y 

which is of valuation 1 + (p l — p 1 ^ 1 ) . Thus the Newton polygon of Fi has vertices 
(0, 1 + (p l —p 1 ^ 1 )^ 1 ) and the (p k , —k), k > 0. It has an edge of length 1 with slope 
— 1 — (p l — p 1 ^ 1 )^ 1 , that is Fi has a unique root of valuation 1 + (p l — p 1 ^ 1 )^ 1 , and 
all the other roots are of valuation less than (p— 1) — 1 . 

□ 

From the preceding lemma, we fix once and for all a "compatible" sequence (tti)i>i 
in C p , that is 7r; a root of AH(X) of valuation (p l — p 1 ^ 1 )^ 1 , and ni-i = 7rf [p]. 

Definition 1.4. Let us define the Artin-Hasse exponential E(X) = exp(AH(X)), 
and 6i{X) = E{niX), I > 0. 

First recall from Dwork's lemma (0 VI. 2, lemma 3) that the series E(X) are in 
1 + XZ P [[X]]. Let us deduce some properties of 9i from this result : 

Proposition 1.5. If the development of di in power series in C P [[X]] is : 



e l (x) = ^2x n<l x n , 

n>Q 



its coefficients satisfy : 



n 7r 

u P (A n ;) > —. -, — r , n > 0, X n .i = ~y for < n < p - 1. 

p l — p l ~ L n\ 

In particular the function 6i converges in the open disk of center and radius 
i 

pp —p 1 ^ 1 
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Proof. Write E(X) = Ei>o e «^*- From Dwork's lemma, we know that eo = 1, 
e, G Z p , that is v p (ei) > 0. Now from the definition of 6i, we have A n ^ = e„7r", 
and v p (A„^) > u p (7r"). Moreover, the first p terms are those of the development of 
exp(7T;X ) in power series ; note that we get 

71 

v p (Xn.i) = —, j—f for < n < p - 1. 

p l — p l ~ L 

□ 

Now we show that from the compatible system (tti)i>o and the functions 9i, we can 
define a compatible system of p l -th roots of unity (( p i );>o in the following sense : 

Definition 1.6. For all I > 0, let ( p i be a p l -th root of unity in C p . We say that 
the family {( p i)i>o forms a compatible system of p'-th roots of unity in C p if the 
following holds : 

i) £ p i is a primitive p l -th root of unity ; 
u ) ( p i = Cp'- 1 f or 1 > !■ 

Proposition 1.7. The family (0;(l))/>o forms a compatible system of p l -th roots 
of unity. 

Proof. We first show that 9i(l) is a primitive p'-th root of unity. From the descrip- 
tion of 8i in proposition 1.5, we have : 

9i{\) = £A„,; =1 + tti + ... ; 

n>0 

(this series converges from Proposition 1.5 ) ; this gives in particular v p (&i(l) — 1) = 
(p l ^ 1 (p — Thus it just remains to show that 8i(l) pl = 1. 

From the equality of formal power series exp(X ) p — exp(p l X), we get that E(X) P = 
cxp(p l AH(X)). Let x be an element of C p , with v p (x) > (p l — p 1 ^ 1 )^ 1 ; a 
rapid calculation gives v p (p l AH(xj) > 1 + (p — 1) _1 , and p l AH(x) is in the disk 
of convergence of exponential. The above equality of formal power series gives 
E(x) p = exp(p l AH (a;)), and we get : 

9i{lf = E(m) p ' = cxp(p l AH(n 1 )) = cxp(0) = 1. 
Now we show that 6i(l) p = 0i-i(l) for I > 1. We have : 

0j(i) p = (£w = E<i « 

n>0 n>0 

since \ n j = [iri] for n > 1. Moreover we have A ,; = Ao,;-i = 1, and \ p n ( = 
e n( 7r f)" = e n^i-\ = A n> ;_i [p7T;] for n > 1 since 7rf = 7T;_i [jot;] from lemma 1.3 
and the e„ are in Z p . Finally we get : 

^-l(!) =E„>O e n 7I "P-l = E„>0 eri^ [PTj] 

= E„>0 A n,Z [P^l 
= Ql{\) V \P7TI] 

The result now follows from corollary 1.2. 

□ 

In the following, we set £ p i := #;(1). 

Remark 1.8. i) Ift G 7"*, thentiri is also a root of AH of valuation (p 1 ^ 1 (p— 

and the proof of proposition 1.7 shows that 0i(t) = E(tni) is also a primitive p l -th 

root of unity. 
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ii) We also get that the fields fli and Q p (tt/) are equal (they are both totally ramified 
extensions of degree p l — p 1 ^ 1 o/Q p; and proposition 1.7 implies thatVli C Q p (CpOJ 
; thus 7T[ and £ p ! — 1 are both generators of the maximal ideal of f2/, such that 

Cp' ~ 1 = n [if]- 

1.3. The splitting functions of level I. Recall the concept of a splitting function, 
as introduced by Dwork (c/. 0) : a splitting function is a power series in one 
variable over Qi, that converges in a disk of radius strictly greater than 1, and such 
that the following two conditions hold : 

i) For x in F p , denote by x £ T its Teichmiiller representative, the unique element 
of T that reduces to x modulo p. Then the function x i— > 0(i) is a nontrivial 
additive character tp of F p , with values in fii. 

ii) For each to > 1, the additive character tp m of F p m obtained by composing -0 
with the trace from ¥ p m to F p can be represented as follows. For x in F p m, denote 
by x S 7m its Teichmiiller representative, the unique element of T m that reduces to 
x modulo p ; then we have : 

m— 1 

2 = 

We shall generalize this concept in order to represent additive characters of order 
p , i.e. additive characters of the ring Z/p'Z and of its "unramified extensions" ; 
we first need to give an equivalent of the Teichmiiller lifting, for this we will use 
Witt vectors. 

Let R be the ring Z/p'Z = Z p /p'Z p , and R m be its "unramified extension of degree 

to", i.e. Rm = O&Vp'Om 5 , where 0$ is the ring of integers of Q p (Cp m -i)- Recall 
that there are canonical isomorphisms : 

R^Wi(¥ p ) ; Rm-W^Wpm), 

where Wi (k) stands for the ring of Witt vectors of length I with coefficients in the 
field k ; moreover, the Galois group of the extension R m / R is cyclic of order to, gen- 
erated by the Frobenius F, which induces the map (xq, . . . , Xi—i) i— > (Xq, . . . , 
on Wi(k m ), and we define a trace from R m to R by Tr(x) = x + Fx + • • • + F m ~ 1 x. 
From the above isomorphisms, we can define an equivalent of the Teichmiiller lift 
and generalize the notion of splitting function. 

Let x € R m whose image in Wi(¥ p m) is (xo, . . . , xi-i) ; we define x := (So, . . . , xj^i), 
the element of C p obtained by lifting to C p each component of the Witt vector cor- 
responding to x. We also define, for any i > 0, F l x = (xo P , . . . , xi^i P ) ; note that 
it is the lift of F i x. 

We are now ready to define the splitting functions of level I : 

Definition 1.9. A splitting function of level I, 0/, is a power series in I variables 
over Qi, that converges in an open of C p of the form D(0, r\) x • • • x D(0, ri), with 
7 1 !, . . . ,7*2 > 1, and such that the following two conditions hold : 

i) The function from R to C p defined by x i— > 0/(i) is an additive character ipi of 
order p l of R, with values in ; 

ii) For each m > 1, the additive character ip^ rn of R m obtained by composing ipi 
with the trace from R m to R can be represented as follows : 

m — 1 

lh,m(a;) = n Q i( Fl£ )- 

i=0 
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We now construct a splitting function of level I from the functions 6i : let 

©/ : nL^(o,P (p, ~ 1(p - l)rl ) - c P 

The aim of this section is to prove the : 

Theorem 1.10. The junction 0; is a splitting junction oj level I. 

We show this theorem in several steps ; remark first that 0; is a power series in I 
variables over f2;, that converges in a suitable open of C l p from proposition 1.5 ; it 
remains to show properties i) and ii). We begin with an equality of formal power 
series relating Artin Hasse series and certains polynomials arising from Witt vector 
calculations : this equality will be the cornerstone in the proof of the theorem. 

Lemma 1.11. i) We have the following equality oj jormal power series in Z p [[X, Y]] 

E(X)E(Y) = l[E(S k (X,Y)), 

k>0 

where the S k are homogeneous polynomials oj degree p k in Z[X, Y] jor k > 0. 

ii) Let Xq, . . . , xi-i, vq, . . . , yi-\ £ F p ™ 7 and Xq, . . . , y~i^\ € T m be their Teichmiiller 
representatives ; ij we let (z , . . . , zi-i) = (x , . . . ,Xi_ 1 ) + (j/ Q , . . . , yi-i) in Wi{¥ p m), 
we have the following congruence in C p : 

&i{xS, . . . ,xJZx)&i(y , . . . ,yT^i) = Qi(z , ■ . ■ .SjTi) [piri]. 



Proof, i) Recall (cf. [Hj) that for any two Witt vectors {Xq, . . . , X[), (Y , ...,Y{), 
there exists polynomials Pk £ Z[X , . . . , X k , Y , . . . , Y k ], < k < I such that 
P k (X , ... ,X k ,Yo, ... ,Y k ) is the fc-th component of the Witt vector (Xq, . . . , Xi) + 
(Y~o, ■ ■ ■ ,Yi). Moreover, the polynomial P k is isobarous of weight p k when we assign 
the weight pP to the variables Xj, Yj, and looking at the ghost components, we 
have the equalities, for any < k < I : 

p k X k +- ■ -+xf+p k Y k +- ■ -+Yf = p k P k (X , X, .)„... .,Y k )+- ■ ■+P (X a ,Y r k . 

Now let S k (X, Y) = P k (X, 0, . . . , 0, Y, 0, . . . , 0). Since P k is isobarous of weight p k , 
we get that S k is homogeneous of degree p k . Moreover, for any I > we have the 
equality of Witt vectors in Wi+i(Z p [[X, Y]]): 

(X,...,X) + (Y,...,Y) = j: l k=0 V k (X,Q,...,0) + V k (Y,0,...,0) 

= TL V k (S (X,Y),...,S l (X,Y)) 
= Y,L V k (Sk(X,Y),...,S k (X,Y)) 

Now the ghost component of the vector V k (S k (X, Y), ... , S k (X,Y)) e Wi +1 (Q p [[X, Y]]) 
is : 

P k S k (X, YY'- k +■■■+ p l S k (X, Y)=p 1 ^ Sk{X f r - 

Summing up, we obtain the following congruence in Q p [[X, Y]] : 

AH(X) + AH(Y) = AH(S (X,Y)) + ■ ■ ■ + AH(Si{X,Y)) mod (X,Y) P ' +1 . 
Finally, letting I grow to infinity, we get in Q p [[X, Y]] : 

AH(X) + AH(Y) = AH(S k (X, Y)). 

k>0 
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Applying exp to this last equality gives the desired result. 

ii) We show the congruence by induction on I. First remark that the equality of 
formal power series above is valid whenever the two sides converge, that is for any 
i,j£ C p , \x\, \y\ < 1. Let us show the case 1 = 1 ; if x, y are in F p m, we have : 

0i (i)0i (jr) - 9 1 (x)9 1 (y) - E^E^y) = J] E(S k (ir x x, ^y)). 

k>0 

Now it is well-known that So(X, Y) = X + Y, and we get : 

E{S (nix,niy)) = E(wi(x + y)) = E(m(x + y)) = 9i(x + y) [pni], 

since x + y = x + y \p], and the coefficients of the series E are in Z p . On the other 
hand, if k > 1, since S k is homogeneous of degree p k , we have : 

£(5 fe (7riS,7riy)) = E(nf S k {x,y)) = 1 \pm], 

since u p (7rf ) = ^ > 1 + that is vrf = [prri], and £(X) G 1 + XZ p [[X]}. 
This ends the case 1 = 1. 

Assume we have shown the result for I — 1 ; we can write : 

0;(a^, . . .,xPi)Qi(y , . . .,y~Pi) = 0j(a^)9j_i(:?f, . . . , xi^\)9i{y Q )Qi-\{yu . . .,y~Pi). 
From the equality in part i), we have : 

0i(2o)0i(wb) = E{ n x~ )E{ny ) = JJ E{i<f Su^fo)), 

k>0 

and we obtain as above the following congruences (note that from lemma 1.3, we 
have 7rf = 7r;_; [p^]) : 

£(7if Si(So,£b)) = £(7r i _ i) § i (a;o,yo)) = 9i(Si(x ,y )) \pm] for i < / - 1, 
where £j stands for the reduction modulo p of Si, and : 

E(7rf* Si(55,$b)) = ^(0) = 1 M for i > I. 
Consequently we obtain : 

9i(xS)0i(y o ) = 9 t (x + yo)0i-i(Si(x<hyp)) ■ ■ ■6i(Si-i(^p,yo)) \pni] 

= 9i(x + yo)&i-i(Si(xo, yo), Si-i(x , yo)) \pn\- 
Now the result comes from the induction hypothesis, the following equality in 
Wi_i(Fpm) : 

(zi, . . . , zi-i) = (Si(x ,y ), . . .,Si-i(x Q ,yo)) + (xi, . . . ,a:j_i) + (y lt . . .,yi-i), 
and the fact that z = x a + y . □ 

We are now ready to show theorem 1.10. 

Proof. Property i) : from remark 1.8, and since for x G R we have x G T , it is 
clear that @i(x) = 0; (x~o , ■ ■ ■ , x~iZ\ ) is a p'-th root of unity. Moreover, 0;(1) = 
0;(1,O, . . . ,0) = ( p i is a primitive p'-th root of unity. On the other hand, from 
lemma 1.11 ii), we have, for x,y G R : 

Qi(x)Qi(y) = ®i(xq, . . . ,xi£i)Qi(y , . . . ,yPi) 
= Qi(zo^. , zi-x) [piri] 
= Qi(x+~y) [pni]. 
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Now since both sides are p l -th roots of unity, corollary 1.2 ensures us that the 
above congruence is in fact an equality. Summing up, we have shown that the map 
x i— > ®i(x) is an additive character of order p l of R, say i/ji- 

Property ii) : We first show that for (to, . . . , ti-i) in Tj^, 111=0 1 Oz(^o , ■ ■ ■ , if_i) is 
a p'-th root of unity. Actually it is sufficient to show that Oi(to)0i(to) . . ■ #z(^o ) 
is a p'-th root of unity for any I. Since = to, we have : 

(e l {t Q )e l {ti)...e l {tf- 1 )) pl = ni:o 1 exp(p i (^ I + --- + I ^ + ---)) 

= exp ((p l Tn + ■ ■ ■ + irf + . . . )(t + ■ ■ ■ + if' 1 )) 

Note that we can write these equalities since all the terms occuring are in the disk 
of convergence of the exponential ; since 717 is a root of AH, the last term is 1, and 
we are done. 

From lemma 1.11 ii), we have for any xq, ■ ■ ■ , £ ¥ p m : 
m— 1 

Y[ S/(x/ , . . . ,iITi P ) = &i(y , . . .,yPi) \prri\, 

i=0 

where we have set, in Wi(W p m) : 
m — 1 

(y , ■ ■ -,yi-i) = ^2(%o '•• ->tf-i) = Tr w ! (F pm )/w ! (F P )(2;o, ■ ■ ■ 



Thus the ?/i are actually in F p , and the two sides of the congruence are p -th roots 
of unity ; once more, corollary 1.2 shows that the congruence is an equality ; finally 
we get, for any x € R m '■ 

= 9;(yo, ■ • ■ ,yi-i) 
= ipi(yo,---,yi-i) 

= ipi(Tr W[ ( ¥pm ) / Wl{Vp) {xo, . . .,xi-x)) 

= 1pl,m(x). 

and this ends the proof of theorem 1.10. □ 



2. A Stickleberger theorem for p-adic Gauss sums. 

Let £ p i be as above, and ipi,m = ipi T^Km/Qp be an additive character of order 
p l of Om\ where ipi is the additive character of Z p sending 1 to Let £ be a 
primitive p m — 1-th root of unity, i.e. a generator of 7J* := T m \{0}, and x be the 
multiplicative character of 0m'* of order p m — 1 sending £ to £. We define the 
following Gauss sums, for any integer < a < p m — 2 : 

Remark that for I = 1 these sums coincide with classical Gauss sums over finite 
fields. They are the same sums as in [S], where they are called "incomplete Gauss 
sums" . 

These sums lie in the ring of integers Oi^ m of K^ m , the compositum of fli and K m . 
Notice that 717 is a generator of the maximal ideal of Oi tTn . Our aim is to show : 
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Theorem 2.1. We have the following congruence in Oi :in : 

where if a = a +pai + ■ ■ ■ + p m ~ 1 a m _i is the p-adic expansion of the integer a, we 
define s(a) = a + a\ + ■ ■ ■ + a m _i and p(a) — a ! . . . a m _i!. 

Remark 2.2 Note that from the second part of remark 1.8, we can replace iri by 
( p i — 1 in the preceding congruence. 

Proof. We first rewrite the Gauss sum ; the character ^ iTO factors to the character 
ipi,m ■ C^m /p l Om^ = R m —> C* of section 1. Since an clement x of T m is sent 
(via Witt isomorphism) to the element (5,0, ... ,0) of Wi(F pm ), we get V>;, m (a;) = 
@l(x, 0, . . . ,0) = 6i(x) ; thus we can write : 

G rm {x~ a ,k m ) = E x er^^~ ao ~ pai ~---~ pm ~ lam - 1 ^)---0i(x pm ~ 1 ) 

= Exerl (E„>o Ki* n - aa ) ■ ■ ■ (E„>o An,i(^ m_1 ) n -° m - 1 ) 

— V A i A , V T n -a -\ hp m ~ 1 (n m -i-a„ 

— Z^n ,...,n m _ 1 >0 A "o,i • • • ^Hm-i,l Z^xeT^ x 

— V A j A , V r" oH Vp m ~ 1 n m - 1 -a 

= (P m -1)E n ,...,„ m _ 1 >o K ,l---K m -i,l 

n + --+p m - 1 n m _ 1 =a [p"»-l] 

Noww p (A n0)i ...A nm _ 1 ,j) > (n H h n m _i)/(p' _1 (p - 1)), and : 

s(o) 

\ \ 3D 

p(a) 

from the description of the coefficients X n ,i for n < p — 1 in proposition 1.5 ; thus 
the theorem comes from lemma 2.3. □ 



Lemma 2.3. Let < a < p m — 2 and no, ... , n m _i be m+1 positive integers such 
that : 

n Q + ■ ■ ■+p m - 1 n m - 1 = a [p m - 1]. 

then if a = oq + pa\ + • • • + p m ~ 1 a m -i is the p-adic expansion of the integer a, we 
have : 

no H h n m _i > s(a) = a H h a m -i, 

and equality occurs if and only if n = a , . . . , n m _i = a TO _i. 

Proof. Set n + • • • + p m - 1 n m -i = a + pai + • • • + p m ~ x a m - X + k(p m - 1). Wc 
must have k > since < a < p m — 2. We rewrite this : 

n + ---+p m_1 n m _i = a a + k(p-l)+p(a 1 + k(p-l)) + ---+p m - 1 (a m - 1 + k(p-l)). 

Reducing this last equality modulo p, we get : n = a — k [p], and there exists 
an integer k\ such that no = ao — k + k\p. Moreover k\ is a positive integer since 
< ao < p — 1, and fc, no > 0. If we replace in the first equality, we get : 

p(m + fci) + • • • +p m " 1 n m _i = p(oi + &?) + ■■■ + P m_1 ( tt m-i + A:(p m - 1)). 

Dividing both sides by p, and reducing modulo p yields n\ + k\ = a\ + pki with 
k 2 an integer, positive since k\ > and < a\ < p — 1. We can repeat this 
process, and we get positive integers fc 3 , . . . , £; m _i such that n^ + fc, = a, + pfci+i 
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for 1 < i < m — 2, and n m _i + fc m _i = a m _i + kp. Summing all these equalities, 
we get : 

n + • • • + n TO _i +&! + ••• + fcm-l = a o — & + kiP + a x + k 2 p + • • • + a m -i + kp 

n H h n m _i = a + ai H h a m _i + (fc + k\ H h fc m ^i)(p - 1). 

Since fc and the ki are positive integers, this last equality proves the lemma. 

□ 

Remark : Note that for I = 1, we obtain the classical Stickleberger theorem cf pp. 
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